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Abstract 

It is believed that the multiple M5-branes are described by the non-abelian (2,0) theory and 
have the non-local structure. In this note we investigate the non-abelian (2,0) theory in 
loop space which incorporates the non-local property. All fields will be formulated as loop 
fields and the two-form potential becomes a part of connection. We make an ansatz for 
field supersymmetry transformation with a help of Lie 3-algebra and examine the closure 
condition of the transformation to find the field equations. However, the closure conditions 
lead to several complex terms and we have not yet found a simple form for some constrain 
field equations. In particular, we present the clear scheme and several detailed calculations 
in each step. Many useful T matrix algebras are derived in the appendix. 
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1 Introduction 



String theories in 10D can be unified by 11D unique M-theory, where the basic objects are 
M2-brane and M5-brane (the magnetic version of M2-brane). One can say that M-branes 
are the most fundamental objects we have right now (for a review of M-theory see [1] and 
references within). The descriptions of single M2 or M5 brane have already known for quite 
a long time (for single M5-brane see [2]), while the understanding of the multiple M2 branes 
gained ground in the past few years by using the so-call Lie 3-algebra [3]. It is interesting 
to keep moving forward to start thinking about how do we describe multiple M5-branes. 

We know that Maxwell field (abelian gauge theory) in a single D-brane will be extended 
to Yang-Mill field (non-abelian gauge theory) when D-branes start to coincide. We also know 
that the strong coupling limit of 1-form potential in the D4-brane becomes the 2-form 
potential (with self-dual 3-form field strength H^ vX ) in the M5-brane, thus naturally one 
would expect some kind of non-abelian 2-form theory will be involved in multiple M5-branes. 

Although we expect that the multiple M5-brane to be a non- Abelian theory, it can not be 
an ordinary non- Abelian gauge theory, because the entropy of coincident N M5-branes does 
not scale as iV 2 like Yang-Mills theories but rather N 3 . In the case of Multiple M2-branes 
it is also not an ordinary non- Abelian theory (coincident N M2-branes scale as iVa), it has 
the novel gauge symmetry based on the Lie 3-algebra. It is natural to ask oneself whether 
similar structure play the crucial role when one consider multiple M5-branes. 

On the other hand, it has been established that multiple M5-branes should be a non-local 
theory [4] . A natural way to deal with non-local structure is to work in the loop space, which 
is defined as the space of map from the circle into the manifold. A canonical analysis of the 
boundary of M2-brane (self-dual string) leads to a (noncommutative) loop space on the M5 
brane is discussed in [5]. 

This note is intended as an initial step of trying a possible approach by combining the 
concept of the Lie 3-algebra and the loop space together to see whether this method can 
indeed offer the key ingredients to the understanding of multiple M5-branes in the future. 
This note can also be considered as a attempt to link up the methods of following two papers: 
one recent paper using the Lie 3-algebra to construct non-abelian (2,0) theory [6] and the 
another paper discussed non-abelian (2,0) theory in the loop space [7] 
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2 Covariant Derivative in Loop Space and Loop Field 



Let us first set up the loop space representation which we use in this note. Denote C M (s) 
as a function in loop space parameterized by a inner parameter s and let it satisfy the loop 
condition : C M (0) = C M (27r), where fi is ordinary space-time index. We also note that 

jdsC»(s) = Q (2.1) 

in which = while 

ids C^(s) = L^ ^0 (2.2) 

We define the factor L M which can be considered as the measurement of the weight when we 
integrate around the loop path, and that will play an important role when we modeling the 
SUSY transformation ansatz in the next section. 

We also assume that the loop space is noncommutative [5] 

[C7"(s), C v (s)\ = Q^ uX C»(s) j£ 0. (2.3) 

This means noncommutativity is suggested as a replacement of usual spacetime when one 
uses the loop coordinates, and it is considered as the nature property of loop space itself. 
It is different from the case when one need to turn on the background field, and the factor 
Qfiux ^0^(1 kg defined from the fundamental noncommutative relation of these loop coor- 
dinates. This property is important when we try to write down the proper supersymmetry 
transformation ansatz in the next section. We also note that C M play the roles similar to 
coordinates rather than the vector field. 



One may identify the parameter "s" we used to represent the loop space as the same as 
the worldvolume parameter of the (closed) string inside the M5 branes, but in this note we 
will not touch the issue of the dynamics of the self-dual string [5]. 

There are three kind of fields in multiple M5-branes : Scalar field (ft 1 (I = 6,. ..,10), fermion 
field -0 and the 2-form potential B^ v '. We now define the corresponding loop fields [7] 

4>U(C) = f ds ^(C(«))^) (2.4) 
Vv a (C) = / ds MC(s))C,(s) (2.5) 



where a is the group index. It will be more convenient if one defines 



1/ 

i> a = -7=^ (2.7) 

1 2 
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where 0^ has the same scale dimension as (so as the fermion field), and we will use 
and ifj a in the supersymmetry transformation. In this note we also introduce a scalar field 
G afl , as that in [6]. The corresponding loop field is 



G 



ds G a {C{s))C^s) 



Our effective gauge field (connection) is 



A)Jp) = i ds Bl a (C(s))C»( S ) 



fii/a v 



(2.8) 



(2.9) 



thus we naturally incorporate the two-form potential B-field in the our tensor multiplet. Note 
that in the strict sense, the standard gauge field which has proper gauge transformation is 
the one form A-field, that means in the loop representation we are not going to treat the 
theory as a strictly gauge theory of the two-form B-field. 
The suitable covariant derivative will be 



D 



f ds Bl Xa {C{s))C\s) 



where the derivative in loop space is defined by 



Finally, the field strength (curvature) 



ds 



5C»(s) 



FlaiC) = [D„ D u }\ = d,Al - d v A\ a + [A„ A v ]\ 



(2.10) 



(2.11) 



(2.12) 



is defined by the commutator of the effective gauge field (connection). 



3 Supersymmetry Transformation 

We now start to consider the SUSY transformation. There are two important hints when 
we try to give the ansatz. The first one is the SUSY transformation of multiple D4-branes, 
which is expected to appear when one makes a reduction on a circle for multiple M5-branes: 

5(f) 1 = leT 1 ^ (3.1) 
<fy = r^D^e+h^F^e- 1 -^ 1 ,^ 1 ^ (3.2) 
6A„ = zer M r 5 ^ (3.3) 

where \i = (0, ...,4); / = (5,..., 9) and is field strength of Maxwell field. This can be 
obtained by the dimensional reduction of 10D Yang-Mill theory. 
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The second hint is the SUSY transformation of the single M5-brane [2] 



5(f) 1 = HV 1 ^ 

54, = m'd^e+^-r^H^e 



(3.4) 
(3.5) 
(3.6) 



SB,!,, = ieT^ip 



where \x = (0, 5); I = (6, ....10) and H^ v \ = 3d[^B u x\ is self-dual 3-form. Note that the su- 
persymmetry parameter e and if have opposite chirality due to the fact that all the fermions 
are Goldstinos which correspond to broken supersymmetry while the parameter correspond 
to unbroken supersymmetry. We take the convention: r 012345 e = +e and r ol2345 -0 = —if). 

With the correct chirality in mind, in this note we consider the following SUSY transfor- 
mation ansatz of non-abelian (2,0) theory via three-algebra in loop space 



where f a is the structure constant of Lie 3-algebra. Note that we have 4 fields in the 
theory while have 5 terms in supersymmetry transformation, and one coefficients k should 
be determined by the closure of supersymmetry transformation. 

To proceed, let us first make some remarks about the SUSY transformation ansatz. 

• It is especially noteworthy that if we want an ansatz which can indeed close on shell, we 
have to first take a look at the Fierz identity (see Appendix) to insure that the transformed 
terms have the proper form for each others so that we can extract out the equation of motions. 

• The total anti-symmetry gamma matrix Y^ uX in front of the second term of the fermion 
field SUSY transformation implies that the factor Q> IuX is also total anti-symmetry, just like 

• In order to find the connection to multiple D4-branes, we have to consider dimensional 
reduction, besides we also need to consider the process of going back to the ordinary local 
theory where all fields decouple from the loop. In this sense we can take the limit when the 








(3.7) 
(3.8) 
(3.9) 
(3.10) 
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loop shrink into an point and consider the Q factor reduce to a normalized constant. 

• Above ansatz for the SUSY transformation have the following consistent scaling di- 
mensions 

Wa] = 1 , M = I , [AU = 1 , [6] = -\ , [C»] = -1 

[F^\] = 2 , [Q^ x ] = -1 , [0**] = = 1 , [G afl ] = [s] = (3.11) 
and chiral property discussed in appendix A. 

4 Closures of Supersymmetry Transformation : Scalar 
Field 

Now, we start to examine our ansatz by the closure of superalgebra. First, let us check our 
(loop) scalar field. Use the ansatz we have 

+ T^F^Gaxf^) (4.1) 
and we have to deal with three terms (denoted as 01, 02 and 03) in above equation. 

• 01 term: Use the V matrix property derived in appendex we know that 

pip/up/ _ _pJJp/z _ g^Y^ 

= -g IJ r» (4.2) 

We use = to denote that we have dropped the terms which become zero in considering the 
commutator [$i,5 2 ]. Which terms shall be dropped could be easily determined from the 
symmetry property proved in the appendex A. Therefore, 01 term will contribute following 
result to [8i, 5 2 ]0^ : 

[<5i,<y^ = (-2ie 2 r'*e 1 )£Vtf (4.3) 

• 02 term: Use the T matrix property derived in appendex we know that 

p/p/Jifp^A _ ^pIIJK _|_ 2^/[7pJX]^p^i/A 3^7[7pJ^]p/i^A {^-ty 

Therefore, this term will contribute following result to [5i,S 2 ]4> I a : 

= (i^e 2 T, vX T KL e x )Q^^^f d \4>[ (4.5) 
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• 03 term: Use the T matrix property derived in appendex we know that 

p/p^A ^ q ( 46 ) 

Therefore, this term contribute null to [81, 

Thus we define the translation parameter and gauge transformation parameter A b a by 

= -2ie 2 T^e 1 (4.7) 

A b a = i^e 2 Y^Y KL e x Q^^^\ (4.8) 

and find that 

[hM€ = (-U^ejD^l + (tQ^T^T^Q^f 4> L d f cdb a 4>l 

ee v^D^i + A'jl (4.9) 

which tells us that the supersymmetry transformation closes into a translation and a gauge 
transformation. 

5 Closures of Supersymmetry Transformation : Gauge 
Field 

Next we turn to our gauge field, this term will give us the field equation of field strength. 
First, use the ansatz we see that 

+I^%* e G <R ei /** ) • tf£ f bcd a + ^e 2 ^^ A(T ^ / g^(^ • ^r^)/^ (5.1) 
and we have to deal with four terms (denoted as Al, A2, A3 and A4) in above equation. 

• Al term: Use the T matrix property derived in appendex we know that 

r'r^r 1 = -r^r'r 1 = - (r^/ + 41^) (r"~ + g ri ) 

= -V^g 11 -AT { , vX g p] ,Y ri (5.2) 
Therefore, this term will contribute following result to c^A^ : 

[Si,SMl lA1 = «W(«"Wrt) + Yk D X (5-3) 
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• A2 term: This term is proportional to 

= ^^T^T^McPfti f m J bcd a (5.4) 

which vanishes as a consequence of fundamental identity of Lie 3-algebra, as analogic term 
in BLG multiple M2 theory [3]. 

• A3 term: Use the T matrix property derived in appendex we know that 

W*«* = Y^ + 12T { J^ + 36r { jy$ + 24IV£$ 

= 12r^r^ + 24r^S;i (5.5) 

Therefore, this term will contribute following result to [5i,5 2 ]A^ : 

[^i^2]^ a|A3 = ^(6 2 ^ ^ ^ CTel ) (l2e^Q^F pP - b ,G d - x + 24Q^F^- b5 G dx ) <fc f M J cdb a (5.6) 

• A4 term: Use the Fierz identities derived in appendex we see that the A-4 term becomes 

[SiMKhju = ^Y^Q^^-ie.Y 1 ^)^ 

= -^e 2 r Ml/ACT r / [2(v; c r^)r /i r / e 1 
-2(4r p r / e 1 )r^r / rV <i 

+ ^ c Y-^Y I ^ d )Y^Y n Y I e 1 ] Q^f cdb a (5.7) 
and we have to deal with three terms (denoted as A4a, A4b and A4c) in above equation. 

o A4a: Use Y matrix property 

y'y^y 1 = -r / r / r^ Ap r^ = -5(r^ Ap + 4r^ ] ) 

= -sr^ A / (5.8) 

we find the contribution 



^t/VW^crfy d )Q^/°* a (5.9) 
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o AAb: Use V matrix property 
we find the contribution 



3r (5.10) 



= ^(e^r-r^Oe^^^r^r^^g^r'a (5.11) 

o A4c: Use T matrix property 

W* 1 * = + 121^^ + ser^ + 24r^ 

We find that this term contribute null to [Si, 82] A b . 
So we find that 

[8i,8 2 ]A b ia = ^^^^^^ + 4i r ^)Q vAp / cd a + f D . A « 



16 T T " a 3k 

+i{e 2 V I Y a e l )(\2{e^Q^F pU - b - c G rx + 2Q^ F^- bE G d M f 



bed 
d 



= v s F b ^ a + D,A b a (5.13) 

Thus the supersymmetry transformation closes into a translation and a gauge transforma- 
tion. This implies that 



*=l (5-14) 



and the gauge field equation is 



*U - e^itiWi + i^ c r^ d )Q px5 f cdb a = (5.15) 
Besides, we also have another constrain field equation 

l2(e^Q^F pP - b ,G d - x + 2Q^F^G dx )<t>i f^d ~ \e^ f /Q uXp ^cT s T^ d ) = 

(5.16) 

It is hoped that the constrain field equation may be simplified (or automatically be satisfied) 
from the property of closures of fermion field supersymmetry transformation analyzed in next 
section. 
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6 Closures of Supersymmetry Transformation : Fermion 
Field 

Finally, we deal with the closure of fermion term, this term will give us the fermion field 
equation. 

Use the ansatz we see that 

+3KT IJK T^ x Q^ x (5 1 ^) ( pi^f cdb a e 2 + r^\SiF^ bc )G d J bcd a e 2 (6.1) 
and we have to deal with four terms (denoted as ipl, ipA, ip2 and ipF) in above equation. 



• Let us first consider the ipl term. From 
and Fierz identities, the if)l term contributes following to [Si, S 2 ]i^ a 

[61,62]^ = ^r^r / [2(e 2 r /i e 1 )r^r / J D^a - 2(e 2 r p r 7 e 1 )r^r J r / J D^ a 



+-( e - 2 r^r /J 6 1 )r^r /J r / J D^a 



Use the T matrix property 

■p^-p/p/i-p/ _ _p^ppp^p^ — —5^2^^ — r^r M ) 
■p^p/pppj-p/ _ _p^ppp^p^p^ — 3^2^^ — r^r^r 7 

p/^p/p/uPAp/ Jp/ p/ip/iPAp/p/jp/ ^g^|i[jSpi7A] p/iPAp/i^p/J 

we find the contributions 

[SiM^ = i&T-,ei)[- b -D^ a + h^D^ a 

+l {e 2 Y fl Y I ei)f^T 1 D^ a - h^T^D^ 



(6.2) 



(6.3) 

(6.4) 
(6.5) 
(6.6) 



+ 



192 



e 2 V, v - x V IJ ei) \ - Qg^T^T IJ D^ a + T^T n T»D^ a ] (6.7) 



• In the same way, using V matrix properties derived in appendix it is straightforward 
(while sightly complex) to calculate other terms. We finally find that 



[Si,S 2 ]ika = «(e 2 r M e!) 



x 
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3 
2 



+ ^rX^Q^t^ + <f>iD^ d )G dX f d bc f bcd a 

9 



+g r^xCrWihrttf f bcd a 



+^r I r^ x r uVX - p Q^(ip d D,4 + <p{D^ d )G dX f\j bcd a 



+i(e 2 T fi T I e 1 ) x 

+z(e 2 r /i r J e 1 )r^r 7 x 

+2(e 2 r^r /J ei) x 

+i(e 2 r^r JJ ei )r^r JJ x 



4 

-^r J ^v« + 

192 ^ 



(6.8) 



in which the first, second, third and forth terms within each bracket are from ipl, ip2, ipA 
and ifjF terms, respectively. The dot lines denote terms which are too complex to be written 
in (6.8). 



We now attempt to collect above results into the following form 

[6 1 ,5 2 \4> a = v x D x i; a + A b J b 



(6.9) 



to ensure the supersymmetry transformation to close into a translation and a gauge trans- 
formation. Then, we find the following results: 



1. We use k — | in (5.14) to do following calculations. 

2. The first bracket shall become -§ D»ip a to fit (6.9). Thus 



21 



^ r uX Q^r JK ^ J c ^f bcd a 

+ h I T^T^ x Q^\^D^{ + <j>{D^i)G dX f\j bcd a (6.10) 



This is the second constrain field equation (the first one is (5.16)) which relates (<pDifj + ifjD(j)) 
to (fxfiip and Dip. 

3. Let second bracket =0 we then obtain the following fermion field equation 

l^Drfa - h^ x Q^T JK ^ b 4> J c ^f bcd a 

- V% pXp -Q^(^D M ^ + <p{D,iP d )G dX f\j bcd a = (6.11) 
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We can from (6.10) and (6.11) find a simple form of the fermion field equation 

™ M Va + rv A Q"" A r JK MUd f bcd a = o (6.12) 

and constrain field equation becomes 

t^t^q^^d^i + 4D^ d )G dX fU bcd a + sr^Q^r^Offl, = (6.13) 

4. We can take the supervariation of the fermion field equation to find the bosonic field 
equation, with the help of gauge field equation (5.15). 

5. To fit (6.9) the fifth bracket term shall become A. b a ip b and the other bracket terms 
ought to be zero. This will lead to some additive constrain field equations. Maybe theses 
extra constrain field equations automatically be satisfied after using the field equations. 
Unfortunately, we have not yet found an elegant form for the final results and leave it aside 
for this moment. 

6. As that in [6] our G a ^ field is a super-invariant field and we also have a simple relation 

[Si, 5 2 }G a , = v»D v G a , + A 6 a G v D u G afl = 0, 4>l4> J c G d ,f hcd a = (6.14) 
for the on-shell field. 

Let us finally remark that we should not overlook the self-duality property in M5-branes. 
In the abelian case we need the field strength H to be anti-self-dual in order to close the 
algebra, however, in this note we have not completed all the closures condition and we are 
not yet in the situation to concern the self-duality property in the loop space. (But we 
should note that perhaps we do not need the self-duality constraint to close the algebra in 
the loop space [7]) 

7 Summary and Conclusion 

In this note we start to study the relation between the (noncommutative) loop space, the 
Lie 3-algebra and multiple M5 branes. We use loop fields as the basic objects, the covariant 
derivative is given by the pull-back of the two-form potential and the gauge symmetry is 
described by the Lie 3-algebra which inevitably appear when we consider supersymmetry 
transformation. 

Guiding by the dimensional analysis, chiral property, Fierz identity, multiple D4 and 
single M5 supertransform properties, our SUSY transformation ansatz of non-abelian (2,0) 
theory is 
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Sfi = ieTVa (7-1) 

8iP a = Y^D^t+KT^Y^Q^fyi^r^ (7.2) 

5A% = ieY^Q^tif^ (7.3) 

SG a , = (7.4) 

We have examined the closure condition of the transformation and find 

k = I (7.5) 

The field equations are 

= i^-e^ A ^(^^ + *^cI v ^)Q^/ *« (7-6) 

= Y^D^ + Y^Q^Y^^j^ f bcd a (7.7) 

= D u G afl (7.8) 

The supervariation of the fermion field equation can be used to find the bosonic field equation, 
with the help of gauge field equation. 

The constrain field equations we have found are 

= Uie^Q^F^G^ + 2Q^F^- b - c G dx )<f) I c f m d 

-\e^Q^ c Y 5 Y^ d ) (7.9) 

= Y^Y^Q^i^D^l + &^)G dX fU bcd a 

+3Y uX Q^ x Y JK tp b( pi^f bcd a (7.10) 

= tfitfG^f**. (7.11) 

The closure conditions lead to several complex terms and we have not yet find the simple 
form for completed constrain field equations. The detail of the closure conditions remain to 
be examined. 



However, a theory formulated in terms of non-local variables depending on loops is po- 
tentially very different from the usual formulations, we still have to make more investigations 
of this approach to see whether it will lead us into further insights of the mysterious multiple 
M5-branes. 
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APPENDIX 



A Symmetry Property and Chiral Property : 

We work with 32-component Majorana spinors and the fermions are Goldstinos of the sym- 
metry breaking SO(10, 1) ->■ 50(5,1) x S0(5) and fj,, is, A = 0, 5; I, J = 6, 10. 
Define 

r = r 012345 (A.i) 

the convention for the chirality condition is therefore 

re = +e ; eT = -e ; P0 = -ip ; i/jT = 4> (A.2) 
and the anti-commutative relations are 

{^,^1 = ; {r,r M } = ; [l\r,] = (A.3) 
The conjugate spinors are defined with the charge conjugation matrix C 

$ = ifj T C (A.4) 
and for our representation we can choose C = T°. As C T = C~ l = —C we have 

CY^C- 1 = -(r") T (A.5) 

We thus find that 

{CT ai ... a y = {T ai ... an ) T C T = {-l) n ~ l CT an ... ai = (-l^-lp+^+^CT^ (A.6) 

and we have the following symmetry property about T matrix 

symmetry matrix . CT ai , CY aia21 Cr aia2a3a4aB Cr aia2a3a4a5(l6 , ... (A. 7) 

cinti symmetry matrix . CT aia2a3 , Cr ai(l2a3a4 , Cr aia2a3a4aBa6a7 , ... (A. 8) 

Usng above results we can find a simple rule of the sign under 1 2 in below : 

e 2 7 m ei = (-1) ei7 m e 2 

e 2 7 mn ei = (-l)ei7 mn e 2 

e 2 7 mn °ei = (+I)ei7 mn °e 2 
e 27 ™ ei = (+1) e l7 ™e 2 
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From the chiral property Te = e and er = — e we also see that 

= (-ijWfr" 1 -"^^^ (A.io) 

Thus, only if k is odd could we have no- zero value of e r Ml """ M *T /l "" 7 ™ e. Above symmetry 
property and chiral property are used to derive the following Fierz identities and simplify 
several calculations in section 4-6. 

B The Fierz identities : 

In 11 D spacetime the basis {Q 1 } of the vector space of 2 11 / 2 x 2 11 / 2 matrices are 

{Q } {1) -T m , iY rnn , i^mnpi ^mnpqi ^ mnpqr} 

which satisfies the condition 

tr{Q a Q b } = 2 ll ' 2 5 ab (B.2) 
From the basis in 11D we have the following general expansion 

(e 2X )ei = -2-^]((e 2ei ) x + (e 2 r mei )r m X - ^(ealWOP™* - j^T^i^x 

+^(e 2 r ra£l )r™x + |f(e 2 r mwfl )r™^ x ) (b.3) 

Use the symmetry property in (A. 9) we find the following combination in eleven-dimensions 

(e 2 x)ei " (eiX)e 2 = ((e 2 r mei )r m X - ^felWOF™* + ^(e 2 r„ rei )r™ r x) (B.4) 
Consider the chirality property in (A.IO) one then gets 

(e 2X )ei - (cix)c 2 = -^((e.r^or^ - (e 2 r„r / Cl )rT'x + II( e - 2 r^ A r /J ei )r^ A r /J x 

+i(e 2 r M r / ^ i e 1 )r^r Wi x + |(e 2 r^ ei )r^ x ) (b.5) 

Translate the last line above in terms of fewer T-matrices with the help of e-tensors the final 
form of Fierz identity becomes [7,6] 



(hX)ei ~ (ea)e 2 = ~ \ 2(e 2 T,e 1 )T^ X ~ 2(e 2 r^r / e 1 )rT / X + ^(e 2 r^ A r /J ei )r^ A r /J X 
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(B.6) 



We have used the above Fierz identity several times during calculating the closures of su- 
persymmetry transformation in sections 4-6. 
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C The T matrix (commutating property) : 

First, we can derive some simple relations 

■pa-pb _!l^]^ a ']^k -pfr-pa^ _|_ .j^J^J^k _|_ — _|_ gab 

1 1 1 

papfec _p a ^p^p c P C P^ — {2g ab pbpa^pc _^2g ac pcpa^pb 

= g ab Y c - ^T b (2g ac - FT a ) - g ac T b + ^T c (2g ab - T b T a ) 

= T bc T a + 2g ab T c - 2g a T b = T bc T a + 4g a[b T c] (C.2) 

papbcd pftcdpa _|_ ^aoj'pcd pdc^ _|_ ^ac^pbc p c ^ -\- g ac (Y^ b p 0( ^ 

= ^Y bcd T a + 6g a[b T cd] (C.3) 
which will be used in sections 4-6. These relations could be read from the formula 

[r a ,r bi K ] = (i - (-i) n )r abi bn + n(\ + {-i) n ) g a[bi v b2 K] (c.4) 

{r\r fei bn } = (i + (-i) n )r abi K + n(i - (-i) n )g a[bi r b2 bn] (c.5) 

which could be derived from the relations 

papbi 6 " — Y abl bn -\- ng a ^ bl T b2 bn ^ (C 6) 

poi b„Y<i _ p&i b n a _|_ j^p[»l b„-i gb n ]a 

The most general formula is 

min(n,m) i i 

L ai ....a n - 2^ ( n -p)\(m-p)\p\ lw~~°m9 a,....^] (^) 

min(n,m) | | 

p pai....a„ n - m - p [a p+1 ....am ai....a p ] fn n\ 

£T [n — p)\[m — py.pl 

For example 

rv v r^ = r^ x + 12^^ + ser^Jj + 24r^ (c.io) 

which will be used in section 6. 



D The T matrix (summation property) : 

Using above relations we can find the following useful relations during the calculation of the 
closures (here a,b,c,...is the general index and n is defined by J2 a F a T a = n) 

pafepa = T aba + 2T [a g b]a = Q + ^a g ba _ p^aa) = ^ _ n ^b p 
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and 



pabcpa -pafeca _|_ 2p[a&^c]a + r^ab gCa _|_ pca^ba _|_ pfec^aa^ 2)r^ C (D 2) 

pa&cdpa pa&cda _|_ ^p[a&c^<i]a g _|_ ^pabc^da _|_ pdafe^ca _|_ Y* c d& gba _|_ pbcci^aa^ 

= (i + n)r 6cd (d.3) 

pdepeabc ^pdpe ^de^pepaftc g^e[ap!>c]^ [n ,^p<2pa6c g^^apbc] ^pj ^\ 



papbpa = ^aft _ p6pa)pa = ( 2 _ n )r 6 (D.5) 

papbcpa = (r^ r a + v [b r cl )r a = (n-4)r fec (d.6) 
papbcdpa _ (_r &cd r a -)_ Q^ a [ fc r ca! ])r a = (g _ n )r bca! (d.7) 

Also, the relations 

pa&cpdpa -^abc^gda pdpa^ 2p^ c 2)r^ c r^ 

= {A-n)T d T bc - {12 - An)g d[b T c] (D.8) 

pabcpdepa pabc^papde 4.^ a [^p e ]^ 2^p' )c p< : ' e 2p a ^ c ^ ac 'p e (^ ae r^) 

= (n - 6)r d T bc + (2n - 10) [^ d T be - <f T M + # M r ec - # 6 T dc ] 

+4[#<V e - g ec g bd ] (D.9) 

are used to investigate the Fermion field supersymmetry property in section 6. 
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